The self-avoiding walk model has long been the most commonly cited model describing the behaviour of long-chain polymers in dilute solution. More recently, with the inclusion of monomer-monomer, monomersurface or other forms of interactions, some physically and biologically important phenomena can be modelled. We describe a number of such situations.
The self-avoiding walk model has long been the most commonly cited model describing the behaviour of long-chain polymers in dilute solution. More recently, with the inclusion of monomer-monomer, monomersurface or other forms of interactions, some physically and biologically important phenomena can be modelled. We describe a number of such situations.
Additionally, we consider in some detail a canonical model of phase transitions that arises when we consider a restricted class of self-avoiding walks (SAW) which start at the origin (0, 0), end at (L, L), and are entirely contained in the square [ 
. We estimate λ = 1.744550 ± 0.000005 as well as obtaining strict upper and lower bounds, 1.628 < λ < 1.782. Associating a fugacity x with each step of the walk gives rise to a canonical model of a phase transition. For x < 1/µ the average length of a SAW grows as L, while for x > 1/µ it grows as L 2 . Here µ is the growth constant of unconstrained SAW in two dimensions. At x = 1/µ we find that the average walk length grows as L 4/3 .
Introduction
We consider several models of a phase transition that arise from the study of self-avoiding walks (SAW) with various interactions and subject to various geometrical constraints. These are shown to give rise to phase transitions, usually second order. The most well known and widely studied such model is the collapse transition, in which the SAW goes from an expanded phase to a collapsed phase. This is described in the following subsection, and in the subsequent subsection we describe the situation of a polymer in the presence of an adsorbing surface, and refer briefly to the more complex case in which both the above forms of interaction are present. We then review a number of applications to biological problems, and finally devote most of our attention to recent work on the problem of SAW which start at the origin (0, 0), end at (L, L), and are entirely contained in the square [0, L] × [0, L] on the square lattice Z 2 . Associating a fugacity x with each step of the walk gives rise to a canonical model of a phase transition.
The collapse transition
One of the best-known transitions that self-avoiding walks (SAW) undergo is the transition from the expanded phase, which occurs in a good solvent-a situation typical of a non-interacting SAW-to the collapsed phase, characteristic of a polymer in a poor solvent. This is sometimes referred to as a "coil-globule" transition in which the SAW goes from the expanded, coil phase with fractal dimension d f = 1/ν < d, where d is the dimension in which the SAW is embedded, and ν is the (non-interacting) exponent characterising the end-to-end length, R 2 n ∼ const.n 2ν -see figure ? ?-to a collapsed globule like phase with fractal dimension d. The situation may be modelled by introducing a fugacity x between nearest-neighbour monomers that are not adjacent monomers of the walk. The situation is shown in figure ? ? below. By varying x we can "tune" the SAW to be attractive or repulsive. The fugacity dependent mean square end-to-end length exponent ν(x), defined by
where r is the Euclidean end-to-end distance of each SAW, changes discontinuously with x as shown in figure ? ?. In the repulsive, non-interacting or weakly attractive regime, ν(x) takes its non interacting value (respectively 3/4, 0.58687 and 1/2(log) in 2, 3 and 4 spatial dimensions). The result in two dimensions is believed to be exact, the result in three dimensions is a numerical estimate ? believed accurate to a few places in the last quoted digit, and the result in four dimensions is again exact, up to a (known) confluent logarithmic correction.
As x is tuned to become more attractive, the SAW collapses into a ball, characterised by exponent ν = 1/d, where d is the spatial dimension. At a particular value of x, known as the θ-temperature, the exponent ν takes an intermediate value. This is known to be ν θ = 4/7 in two dimensions. The situation is shown in figure ? ? below. In three dimensions ν θ = 1/2(log), because for interacting SAW, three is the so-called upper critical dimension. Again, there are confluent logarithmic terms. In four dimensions for many years there was some confusion as to the situation. Many earlier numerical studies found the transition to behave like a rounded, first-order transition, rather than the second-order transition we have described in dimensions 2 and 3. Careful numerical and theoretical work by Prellberg and Owczarek ? has resolved the situation. There is a distinct collapse transition at the θ-temperature, at which temperature the exponent takes the expected Gaussian value 1/2 without any logarithmic correction. However for any finite polymer length, the transition has many characteristics of a rounded first-order transition. They explain how the pseudo-first-order transition is scaled away in the thermodynamic, or large length limit, leaving the mean-field or Gaussian second-order transition, as one would expect above the upper critical dimension. This happens as the latent heat decays (algebraically) to zero with polymer length.
The adsorption transition
In this situation there is a fugacity associated with monomers on a surface or, in two dimensions, a line. In the repulsive or neutral or weakly attractive regime, only a finite number (and hence a vanishingly small fraction) of monomers lie in the surface. This is the desorbed regime. In the regime where the fugacity is strongly attractive, a finite fraction of monomers lie in the surface. This is the adsorbed regime. The two-dimensional situation is shown in the right hand panel of figure ? ?. For three dimensional SAW with a twodimensional adsorbing surface, the fractal dimension changes from its threedimensional value d f ≈ 1.704 to the two-dimensional value d f = 4/3. In two dimensions, with a one-dimensional adsorbing line, the fractal dimension changes from the two-dimensional value d f = 4/3 to the one-dimensional value d f = 1, while in four dimensions the desorbed-adsorbed transition is marked by a change in fractal dimension from d f = 2(log) to d f = 1.704. Unlike the collapse transition, there is no analogue of the θ point at which there is an intermediate fractal dimension. As the surface attraction increases, the fractal dimension remains that of the desorbed phase down to, and at the transition temperature. Further surface attraction then results in a switch to the adsorbed phase.
The two types of interaction can be combined, so that one has monomermonomer interactions as well as monomer-surface interactions. It has recently been shown by Krawczyk et al.
? that, for a three-dimensional system with a two-dimensional surface, there is an infinite hierarchy of layering transitions in the attractive, or poor solvent regime. For finite length polymers there is a series of (rounded) layering transitions which increase in number and prominence with increasing polymer length. Krawczyk et al.
?
give compelling arguments and numerical evidence for the infinite length limit, resulting in a transition from a collapsed, but not macroscopically adsorbed state to a collapsed fully adsorbed state.
In the next section we briefly discuss the modelling of some biological phenomena by self-avoiding walks. These primarily involve the monomermonomer or monomer surface interactions we have just described.
2. Biological models: SAW as models of DNA By constraining self avoiding walks in various geometries, and introducing interactions by appropriate fugacities, SAW turn out to be useful in modelling a surprising variety of biological situations. In this section we will consider just three.
One of the first, historically, is the modelling of the denaturation of DNA. When a solution of DNA is heated, the double stranded molecules denature into single strands. In this process, "looping out" of AT rich regions of the DNA segments first occurs, followed eventually by separation of the two strands as the paired GC segments denature. This denaturation process corresponds to a phase transition ? . A simple model of this DNA denaturation transition was introduced in 1966 by Poland and Scheraga ?,? (hereinafter referred to as PS) and refined by Fisher ? . The model consists of an alternating sequence (chain) of straight paths and loops, which idealize denaturing DNA, as a sequence of double stranded and single stranded molecules. An attractive energy is associated with paths. Interactions between the different parts of a chain and, more generally, all details regarding real DNA such as chemical composition, stiffness or torsion, are ignored. It was found that the phase transition is determined by the critical exponent c of the underlying loop class. Due to the tractability of the problem of random loops, (rather than self-avoiding loops), that version of the problem was initially studied by PS ? . The model displays a continuous phase transition in both two and three dimensions. It was argued by Fisher
? that replacing random loops by self-avoiding loops, suggested as a more realistic representation accounting for excluded volume effects within each loop, sharpens the transition, but does not change its order. We shall investigate this particular model in a little more detail below.
Another early example of a biological problem modelled by SAW-or in this case self-avoiding polygons (SAP), was the study of vesicles by Leibler and Fisher ? , Fisher et al. ? and Banavar et al. ? . A vesicle is a biological object such as a blood cell whose behaviour is mediated by pressure. If the internal pressure exceeds the external pressure the cell will be inflated, whereas in the opposite situation it will be collapsed. Clearly, there will be a phase transition that occurs at a critical value of the pressure. Early series studies were largely restricted to two dimensions, the cell was modelled by a two-dimensional SAP, and the pressure induced phase transition was mediated by associating a fugacity with the enclosed area. Thus by varying this fugacity, polygon shapes of minimal area, which are long and thin, could be achieved, as could those of maximal area, which are effectively square. We will consider this problem in a little more detail below.
Our third and final example is the use of SAW to model the micromanipulation of polymer molecules, particularly DNA, attached to a surface. In this situation, optical tweezers ?,? are used to pull the adsorbed biological molecule from the surface. This force is applied perpendicular to the adsorbing surface and will favour desorption. It is reasonable to expect some sort of a phase transition. At low levels of the force, the polymer remains adsorbed, but at higher levels it will be desorbed. There will be a temperature dependent force f c (T ) between these two states. The shape of the force-temperature curve is of considerable interest, and can be considered a phase boundary in the T − f plane. This can be modelled by a SAW, tethered to a wall, with a fugacity associated with nearest-neighbour bonds, subject to a force perpendicular to the wall, as shown in the figure below. 
The DNA denaturation transition
With the advent of efficient computers, it has recently become possible to simulate analytically intractable models extending the PS class, which are assumed to be more realistic representations of the biological problem. One of these is a model of two self-avoiding and mutually avoiding walks, with an attractive interaction between the different walks at corresponding positions in each walk ?,?,?,? . This situation is illustrated in figure ? ?. The model exhibits a first order phase transition in two and three dimensions. The critical properties of the model are described by an exponent c related to the loop length distribution ?,?,?,?,?,? . For PS models, this exponent coincides with the loop class exponent c if 1 < c < 2. Within a refined model, where different binding energies for base pairs and stiffness are taken into account, the exponent c seems to be largely independent of the specific DNA sequence and of the stiffness of paired walk segments corresponding to double stranded DNA parts
? . There are, however, no simulations of melting curves for known DNA sequences which are compared to experimental curves for this model.
Some care needs to be taken in studying the literature on this problem, which may be misleading. This is discussed in considerable detail in Richard and Guttmann ? . Loop classes discussed in the early approaches
are classes of rooted loops and lead to chains which are not self-avoiding. This seems unsatisfactory from a biological point of view, since real DNA is self-avoiding. Secondly, the common view holds that PS models with self-avoiding loops cannot display a first order transition in two or three dimensions. In fact, this view led to extending the PS class ?,?,?,? in order to find a model with a first order transition. However this view is incorrect, as demonstrated in
? by a self-avoiding PS model with self-avoiding loops. Thirdly, the two exponents c and c , are used in the literature without distinction, although there are subtle differences.
In ? a SAW model of this transition was introduced. Causo et al.
? considered pairs of SAW on the simple cubic lattice, with a common origin, which are allowed to overlap only at the same monomer position along each chain. That is to say, if one numbers the monomers from the common origin 0, 1, 2, . . . i, . . . n, the two chains are mutually and individually self-avoiding except possibly where site i of the first monomer coincides with site i of the second monomer. A two dimensional version of this situation is illustrated in figure ? ? below. Such overlaps are encouraged by a fugacity , associated with such contacts. As the temperature increases, there is a transition temperature T m above which the entropic advantage in breaking such bonds overcomes the attractive energy. From extensive simulations, it was concluded ? that the transition is first order, as the energy density at the transition was found to be discontinuous.
Vesicle collapse
Vesicles are closed, solid objects, possessing a surface. A variant of SAW, in which the origin and end-point are adjacent, and are then joined up, is called a self-avoiding polygon or SAP. This situation is shown in figure ? ?. In modelling vesicle collapse by SAP, let p m,n be the number of SAP per site on an infinite lattice, with perimeter m enclosing area n. Fisher et al.
? proved that the free energy
exists and is finite for all values of the fugacity q ≤ 1. Further, κ(q) is log-convex and continuous for these values of q and is infinite for q > 1.
In terms of the natural two-variable generating function
it was further proved that for q < 1, P (x, q) converges for x < e −κ(q) , while for q > 1, P (x, q) converges only for x = 0. The expected phase diagram is shown in figure ? ? below. In the region below the phase boundary, the polygons are ramified objects, closely resembling branched polymers. That is to say, they are collapsed and string-like. As q approaches unity, they fill out more, and become less string-like. At q = 1 one has pure SAP. For q > 1 the polygons become "fat", and approximate squares, with their average area scaling as the square of their perimeter. In ? rigorous upper and lower bounds to the shape of the phase boundary were given, and the locus of the actual phase boundary was found numerically from extrapolation of SAP enumerations by area and perimeter. In the extended phase q = 1, the mean area of polygons a m of perimeter m grows asymptotically like m 3/2 , whereas it grows like m in the deflated phase q < 1. It can be shown that in the limit q → 0 the generating function is dominated by polygons of minimal area. Since for SAPs these polygons may be viewed as branched polymers, the phase q < 1 is also referred to as the branched polymer phase. This change of asymptotic behaviour is reflected in the singular behaviour of the perimeter and area generating function. Typically, the line q = 1 is a line of finite essential singularities for x < x c . The line x c (q), where P (x, q) is singular for q < 1, is typically a line of logarithmic singularities. For branched polymers in the continuum limit, the logarithmic singularity has been proved recently in ? . Of special interest is the point (x c , 1) where these two lines of singularities meet. The behaviour of the singular part of the perimeter and area generating function about (x c , 1) is expected to take the special form
. This scaling assumption implies an asymptotic expansion of the scaling function of the form
The leading asymptotic behaviour characterises the singularity of the perimeter generating function via P (x, 1) ∼ f 0 (x c −x) −γ , where θ +φγ = 0. The first singularity of F (s) on the negative axis determines the singularity along the curve x c (q). The locus on the axis (say at s = s c ) determines the line x c (q) ∼ x c − s c (1 − q) φ near q = 1, which meets the line q = 1 vertically for φ < 1.
Banavar et al.
? studied a similar model analytically using a mapping onto a gauge model. As in other studies, they found the critical behaviour to be governed by a branched polymer fixed point. More recently, Richard, Guttmann and Jensen ? have given a very persuasive conjecture as to the exact nature of the scaling function at the bicritical point (x 2 c , 1). In their work, it was natural to work with rooted SAP, and in that case the conjectured form of the scaling function was found to be
with exponents θ = 1/3 and φ = 2/3, where Ai(x) is the Airy function. The conjectured form of the scaling function is then obtained by integration and is
with exponents θ = 1 and φ = 2/3. The second term on the left-hand side is a constant of integration. The parameters for the square lattice are σ = 2 and x c = 0.379052277757(5). The parameters for the hexagonal lattice are σ = 2 and x c = 1/ 2 + √ 2 (known exactly from the work of Nienhuis ? ) and for the triangular lattice σ = 1 and x c = 0.2409175745(3). Further details of this conjecture can be found in ? .
Macromolecular desorption from a surface
As briefly described above, in this situation we are applying a force perpendicular to an adsorbing surface to which a polymer chain is attached. At low temperature, surface attraction dominates, but at high temperatures entropy dominates, and the polymer is free of the surface. The temperature dependent force needed to extend the polymer is calculated. Let the polymer have N monomers, of which n lie in the surface. (In two dimensions the "surface" is a line). Let c N (n, z) be the number of such SAW whose end-point is at perpendicular distance z from the surface. The model may be described by the partition function
where ω = e − /kT , u = e f /kT , < 0 is the attractive energy of a monomer with the surface, and f is the force acting on the endpoint monomer, in a direction perpendicular to the surface.
In ? exactly solvable models based on Dyck paths and Motzkin paths in two dimensions, and a partially directed walk model in three dimensions are given. Orlandini et al.
? observe re-entrant behaviour in three dimensions, but not in two. "Reentrant behaviour" refers to the fact that the force temperature diagram at first increases with increasing temperature, and then decreases. It thus has a finite maximum at a positive temperature. Reentrant behaviour is shown in figure ? ? below: 
In
? the results of enumeration of interacting SAWs in two dimensions for N ≤ 30 and in three dimensions for N ≤ 19 are given. As a result of this study, Mishra et al. report a reentrant force-temperature diagram in three dimensions, but not in two dimensions, exactly as observed in the toy models in ? . Based on much longer enumerations in two dimensions, to N = 50, Kumar et al.
? obtained clear evidence of a reentrant forcetemperature diagram even in two dimensions. The "stick-release" behaviour of SAW pulled from a surface is also clearly shown in that study. In figures ?? and ?? the average length is plotted against applied force. The series of plateaus become smoothed out as the length of the walk increases at fixed temperature, and also as the temperature is raised for SAW of fixed length. Fig. 10 . The "stick-release" behaviour of the force-extension curve for walks of various lengths at T = 0.1. Lengths increase from the left-to the right-hand curves. Fig. 11 . The "stick-release" behaviour of the force-extension curve for 50 step walks at different temperatures. Temperatures increase from the left-to the right-hand curves.
It can be seen from the above studies that SAW models are capable of shedding light on a wide variety of phase transitions associated with biological problems. The range of problems that can be addressed in this way seems to be limited only by the imagination of the researchers.
Self-avoiding walks crossing a square
We now consider the problem of self-avoiding walks on the square lattice Z 2 .
For walks on an infinite lattice, it is generally accepted
? that the number of such walks of length n, equivalent up to a translation, denoted c n , grows as c n ∼ const.µ n n γ−1 , with metric properties, such as mean-square radius of gyration or mean-square end-to-end distance growing as R 2 n ∼ const.n 2ν , where γ = 43/32 and ν = 3/4. The growth constant µ is lattice dependent, and for the square lattice is not known exactly, but is indistinguishable numerically from the unique positive root of the equation 13x 4 −7x 2 −581 = 0. We denote the generating function by C(x) := n c n x n . It will be useful to define a second generating function for those SAW which start at the origin (0, 0) and end at a given point (u, v), as G (0,0;u,v) (x). In terms of this generating function, the mass m(x) is defined ? to be the rate of decay of G along a coordinate axis,
Here, we are interested in a restricted class of square lattice SAW which start at the origin (0, 0), end at (L, L), and are entirely contained in the
A fugacity, or weight, x is associated with each step of the walk. Historically, this problem seems to have led two largely independent lives. One as a problem in combinatorics (in which case the fugacity has been implicitly set to x = 1), and one in the statistical mechanics literature where the behaviour as a function of fugacity x has been of considerable interest, as there is a fugacity dependent phase transition. This problem has been thoroughly investigated very recently by Bousquet-Mélou, Guttmann and Jensen ? and it is that work we describe below.
The problem seems to have first been seriously studied as a mathematical problem by Abbott and Hanson ? in 1978, many of whose results and methods are still powerful today. A key question considered both then and now, is the number of distinct SAW on the constrained lattice, and their growth as a function of the size of the lattice. Let c n (L) denote the number of n-step SAW which start at the origin (0, 0), end at (L, L), and are entirely contained in the square [ 
is the number of distinct walks from the origin to the diagonally opposite corner of an L × L lattice. In ? , and independently in
The value of λ is not known, though bounds and estimates have been given in ?,? . In the statistical mechanics literature, the problem appears to have been introduced by Whittington and Guttmann ? in 1990, who were particularly interested in the phase transition that takes place as one varies the fugacity associated with the walk length. All walks on lattices up to 6 × 6 were enumerated, and the estimate λ = 1.756 ± 0.01 was given. At a critical value, x c the average walk length of a path on an L × L lattice changes from Θ(L) to Θ(L 2 ), where we define Θ(x) as follows: Let a(x) and b(x) be two functions of some variable x. We write that a(x) = Θ(b(x)) as x → x 0 if there exist two positive constants κ 1 and κ 2 such that, for x sufficiently close to x 0 ,
In
? the critical fugacity was estimated, and conjectured to be x c = 1/µ, a conjecture that was proved by Madras ? .
Abbott and Hanson
? considered the slightly more general problem of SAW constrained to an L × M lattice, where the analogous question was asked: how many non-self-intersecting paths are there from (0, 0) to (L, M )? If one denotes the number of such paths by C L,M , it is clear that, for M finite, the paths can be generated by a finite dimensional transfer matrix, and hence that the generating function is rational ? . Indeed, in ? it was proved that
It follows that C L,2 ∼ const.λ 
Following the work in ? , Madras
? proved a number of theorems. In fact, most of Madras's results were proved for the more general d-dimensional hypercubic lattice, but here we will quote them in the more restricted twodimensional setting.
Theorem 1:
The following limits,
More precisely,
is finite for 0 < x ≤ 1/µ, and is infinite for x > 1/µ. Moreover, 0 < µ 1 (x) < 1 for 0 < x < 1/µ and
The average length of a (weighted) walk is defined to be
Theorem 2:
The situation at x = 1/µ is unknown. In ? compelling numerical evidence is given that in fact n(1/µ) L = Θ(L 1/ν ) , where ν = 3/4, in accordance with an intuitive suggestion in ? .
Theorem 3: For x > 0, define f 1 (x) = log µ 1 (x) and f 2 (x) = log µ 2 (x).
(i) The function f 1 is a strictly increasing, negative-valued convex function of log x for 0 < x < 1/µ, and f 1 (x) = Θ(−m(x)) as x → 1/µ − , where m(x) is the mass, defined by (??). (ii) The function f 2 is a strictly increasing, convex function of log x for x > 1/µ, and satisfies 0 < f 2 (x) ≤ log µ + log x.
Some, but not all of the above results were previously proved in ? , but these three theorems elegantly capture all that is rigorously known. 
In
? a geometric interpretation of these matrices, in terms of families of mutually avoiding SAW going from one boundary of the square to another, is given. The same bound of course results.
Lower bounds on λ.

In
? the useful bound
M is proved. The above evaluation of λ 2 , see (??), immediately yields λ > 1.4892 . . .. Based on exact enumeration, in ? the exact generating functions
L for M ≤ 6 are given. For M = 3 they find: , where I denote by [a 0 , a 1 , . . . , a n ] the polynomial a 0 + a 1 z + · · · + a n z n . As explained above, all the generating functions G M (z) are rational. For M = 4, 5, 6, their numerator and denominators were found to have degree (26, 27) , (71, 75) and (186, 186) respectively, in an obvious notation. From these follow the bounds: λ 3 = 1.76331 . . ., λ 4 = 1.75146 . . ., λ 5 = 1.74875 . . . and λ 6 = 1.74728 . . . from which follows λ > 1.61339 . . ..
However, a stronger lower bound can be obtained from a different class of SAW, called transverse SAW defined in ? . These are just SAW that go from the left boundary to the right boundary of a L × L square, and are therefore a superset of the SAW crossing a square we are considering.
If T L denotes the number of such transverse SAW on the L × L lattice, then in
? it was proved that
From enumerations of T (L), they obtained the improved bound λ > 1.6284. Combining these results for lower and upper bounds finally gives 1.6284 < λ < 1.781684.
Results
As discussed in ? , in order to obtain the exact value of the number of SAW crossing a square, some of which are integers with nearly 100 digits, the enumerations were performed several times, each time modulo a different small prime. This saves storage space, and the cost of multi-precision calculation. The enumerations were then reconstructed using the Chinese Remainder Theorem. Each run for a 19 × 19 lattice took about 72 hours using 8 processors of a multiprocessor 1 GHz Compaq Alpha computer. Ten such runs were needed to uniquely specify the resultant numbers.
Proceeding as above, Bousquet-Mélou et al.
? calculated c n (L) for all n for L ≤ 17. In addition, they computed C 18 (1) and C 19 (1), the total number of SAW crossing an 18 × 18 and 19 × 19 square respectively. These are given in Table ? ?.
Numerical analysis
It has been proved
2L though this has not been proved. Accepting this, the generating function
L will have radius of convergence x c = 1/λ 2 , which can be estimated accurately using differential approximants ? . In this way it was estimated that for the crossing problem x c = 0.32858 (5) . An alternative determination gave the even more precise A. J. Guttmann value x c = 0.328574 (2) . Hence λ = 1.744550(5), which is the most precise numerical estimate of λ available. Whittington and Guttmann ? and later Burkhardt and Guim ? also studied the behaviour of the mean number of steps in a path on an L × L lattice n(x, L) = n nc n (L)x n n c n (L)x n (12) as well as the fluctuations of this quantity
which is a kind of heat capacity. As discussed above, a phase transition takes place as one varies the fugacity x associated with the walk length. At a critical value, x c the average walk length of a path on an L × L lattice changes from Θ(L) to Θ(L 2 ). In ? the critical fugacity was estimated, and conjectured to be x c = 1/µ, and in ? the conjecture was proved. In ? the behaviour at x = x c was also studied, and it was found that n(x, L) = Θ(L 1/ν ) where the numerical evidence is consistent with ν = 3/4. Similar conclusions were reached earlier in ? . For any given value of L the fluctuation V (x, L) is observed to have a single maximum located at x c (L). In ? the behaviour of V (x, L) was studied in detail. It was found to obey a standard finite-size scaling Ansatz
whereṼ (y) is a scaling function. From this it follows that the position and the height of the peak in V (x, L) scale as x c (L) − x c ∼ L −1/ν and V max (L) ∼ L 2/ν respectively. The data for the mean-length at x c , and the position and height maxima of the fluctuations were analysed by forming the associated generating functions, N (z) = L n(x, L) z L etc., and using differential approximants to analyse the generating function. Given the expected asymptotic behaviour of these quantities, the generating functions are expected to have a singularity at z c = 1 with critical exponents −1/ν − 1 (average length at x c ), 1/ν − 1 (position of the peak), and −2/ν − 1 (height of the peak). The observed behaviour was fully consistent with these expectations, and with an exponent value ν = 3/4, as expected.
Many other properties of this model are given in ? , but the above discussion covers the most interesting aspects from the point of view of a model of phase transitions.
Discussion
In this article we have tried to show the richness of SAW models as canonical models of phase transitions which possess both pedagogical value, and are capable of modelling a wide variety of physically interesting models. In the introduction we first discussed the most common type of interactions, monomer-monomer interactions, then monomer-wall interactions and finally a combination of both.
In the next section we showed how these ideas, and others, could be applied to a number of important biological situations, and studied three such problems in more detail. Finally, in the last section, we discussed in rather more detail the model of SAW crossing an L × L square. This is perhaps the most transparent and persuasive model of a phase transition, where the physical mechanism is entirely clear.
